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Conversions between the ground states in quantum critical systems via entanglement-assisted
local operations and classical communications (eLOCC) are studied. We propose a new method
to reveal the different convertibility by local operations when a quantum phase transition occurs.
We have studied the ground state local convertibility in the one dimensional transverse field Ising
model, XY model and XXZ model. It is found that the eLOCC convertibility sudden changes at
the phase transition points. In transverse field Ising model the eLOCC convertibility between the
first excited state and the ground state are also distinct for different phases. The relation between
the order of quantum phase transitions and the local convertibility is discussed.
PACS numbers: 03.67.-a, 64.60.A-, 05.70.Jk
I. INTRODUCTION
The recent development in quantum information pro-
cessing (QIP) [1] has provided much insight into the
quantum many-body physics [2]. In particular, using
the ideas from QIP to investigate quantum phase transi-
tions has drawn vast attentions and has been successful
in detecting a number of critical points of great inter-
est. For instance, entanglements measured by concur-
rence, negativity, geometric entanglement and von Neu-
mann entropy are studied in several critical systems [3–
7]. It was found that the von Neumann entropy diverges
logarithmically at the critical point [3], and the concur-
rence shows a maximum at the quantum critical points of
transverse field Ising model and XY model [4]. The sec-
ond order phase transition in the XY model can also be
determined by the divergence of the concurrence deriva-
tive or the negativity derivative with respect to the ex-
ternal field parameter [5, 6]. Apart from entanglement,
other concepts in quantum information such as mutual
information and quantum discord which feature some sin-
gularities at critical points were also found to be useful
in detecting quantum phase transitions [8, 9]. Recent
studies in entanglement spectrum can be applied to the
detection of quantum phase transitions [10, 11], too. At
the same time, fidelity as well as the fidelity suscepti-
bility of the ground state also works well in exploring
numerous phase transition points in various critical sys-
tems [12–14]. These methods have achieved great success
in understanding the deep nature of the different phase
transitions, especially the structure of the correlations
revolved [15, 16].
However, in the previous studies although the concepts
from quantum information were investigated, they were
not fully explored, because they were mealy used as some
common order parameters, and some important opera-
tional properties were missing. In this paper, from a
new point of view, we reveal the operational properties
of the critical systems by fully studying the ground state
Re´nyi entropy and show that the operational property
sudden changes at the quantum phase transition point,
so that we could put forward a new proposal to inves-
tigate the quantum phases and quantum phase transi-
tions. To be specific, we investigate a many-body system
whose Hamiltonian is H(λ) with a variable parameter λ.
The system has a critical point at λ = λc, which sepa-
rates two quantum phases. We examine the possibility
for the ground state of H(λ) to convert into the ground
state of H(λ′) by entanglement-assisted local operations
and classical communications (eLOCC). If we can find a
method to convert them, we say there is local convert-
ibility between them, otherwise there is no local convert-
ibility. Our motivation is that from the Re´nyi entropy
interceptions of different states we can get the knowl-
edge of their local convertibility, and this local convert-
ibility is different for ground states from different phases.
Thus, phase transitions can be distinct observed. Besides
the operational meaning, our proposal has other advan-
tages in that it is easy to moderate the accuracy, and
the quantum phase transition points can be detected for
small-sized system. In addition, we do not need a priori
knowledge of the order parameters nor the symmetry. As
we are revealing the local operation properties of differ-
ent quantum phases, this paper is essentially concerned
with deterministic conversion of a single copy of state,
which would be different from the stochastic results [17]
and asymptotic results [18].
The paper is organized as follows. In section II, we
introduce some local conversions as well as their nec-
essary and sufficient conditions, especially the eLOCC
conversion, which is mainly focused on in this paper. In
section III, we study the ground state local convertibil-
ity in the one dimensional spin half transverse field Ising
model, XY model and XXZ model. In particular, for the
transverse field Ising model we show how to determine
the critical point numerically with small-sized systems
by the finite size scaling analysis, and we also investigate
the local convertibility between the ground state and the
corresponding first excited state for the Ising model. In
section IV we give some conclusions and discussions.
2II. LOCAL CONVERTIBILITY OF TWO PURE
STATES
In this section, we introduce the notion of local con-
vertibility and give the necessary and sufficient conditions
for the local convertibility used in this paper. Generally,
local convertibility concerns the following question: given
two quantum states, is that possible to convert one to
the other merely using local operations (without global
operations)? If it is possible, we say there is local con-
vertibility between the states. Otherwise, there is no
local convertibility. The answer to this question is re-
lated to the comparisons between the entanglements of
the two states. A measure of entanglement which does
not increase in the process of LOCC besides other basic
conditions is defined as entanglement monotone [23]. En-
tanglement monotone is not unique. Different entangle-
ment monotones reflect certain aspects of the entangle-
ment and could have inequable usages in QIP. In particu-
lar, local convertibilities within different kinds of allowed
local operations have different entanglement monotones
to compose the necessary and sufficient conditions.
The most basic local conversion is LOCC, which is
also the most natural restriction in quantum informa-
tion processing. It has fabulous applications in sev-
eral fundamental problems in QIP, such as teleportation
[19], quantum states discrimination [20], testing the se-
curity of hiding bit [21] and quantum channel corrections
[22]. By Schmidt decomposition, a bipartite pure quan-
tum state can be written as |Ψ〉AB =
∑d
k=1
√
λk|kk〉AB,
where d is the rank of the reduced density operator
ρA(B) = TrB(A) (|Ψ〉〈Ψ|), and {λk}dk=1 are the Schmidt
coefficients in descending order. They satisfy the pos-
itive and normalization conditions, i.e., λk > 0 for all
1 ≤ k ≤ d, and ∑k λk = 1. For a given bipartition of
a real physical system all the knowledge of the ground
state is contained in the Schmidt coefficients [24]. It is
pointed out that quantities {∑dk=l λk}dl=1 constitute a set
of entanglement monotones [25]. For two bipartite pure
states |Ψ〉 and |Ψ′〉 = ∑dk=1
√
λ′k|kk〉AB, if the majoriza-
tion relations
d∑
k=l
λk ≥
d∑
k=l
λ′k (1)
are satisfied for all 1 ≤ l ≤ d, state |Ψ〉 can be converted
with 100% probability of success to |Ψ′〉 by LOCC [26].
Otherwise these two states are incomparable, i.e., nei-
ther can state |Ψ〉 be converted to |Ψ′〉 nor can state
|Ψ′〉 be converted to |Ψ〉 by LOCC. Thus, the majoriza-
tion relations provide a necessary and sufficient condi-
tion for the local convertibility with LOCC. In this sense,
{∑dk=l λk}dl=1 is a minimal and complete set of entangle-
ment monotones for LOCC.
Another useful local conversion which is also the most
powerful one is eLOCC, which is also called entangle-
ment catalyst. Entanglement catalyst in LOCC is such a
phenomenon that there are some pure states |Ψ〉AB and
|Ψ〉′AB that they cannot be converted to each other by
LOCC alone, because they violate the majorization the-
orem. However, when the two local parties share certain
kind of ancillary entanglement, which is labeled as |φ〉,
the state with larger entanglement can be converted to
the other state by LOCC and the ancillary state does
not change after the conversion just like the catalyst in
chemistry reactions [27], i.e., |Ψ⊗φ〉 → |Ψ′⊗φ〉. For ex-
ample, |Ψ〉 = √0.4|00〉+√0.4|11〉+√0.1|22〉+√0.1|33〉,
and |Ψ′〉 = √0.5|00〉 +√0.25|11〉 +√0.25|22〉 +√0|33〉.
It can be easily checked that λ2+λ3+λ4 > λ
′
2+λ
′
3+λ
′
4,
but λ3 + λ4 < λ
′
3 + λ
′
4, therefore, neither state can
be converted to the other with certainty, i.e., |Ψ〉 9
|Ψ′〉 and |Ψ′〉 9 |Ψ〉. Whereas if |φ〉 = √0.6|44〉 +√
0.4|55〉 is applied, the Schmidt coefficients for the
product state |Ψ〉|φ〉 and |Ψ′〉|φ〉 in decreasing order
are Λ = {0.24, 0.24, 0.16, 0.16, 0.06, 0.06, 0.004, 0.04} and
Λ′ = {0.30, 0.20, 0.15, 0.15, 0.10, 0.10, 0.00, 0.00}, such
that
∑8
k=l Λk ≥
∑8
k=l Λ
′
k, ∀1 ≤ l ≤ 8. As a result, |Ψ〉|φ〉
can be converted to |Ψ′〉|φ〉 with certainty by LOCC.
We can see that the LOCC with ancillary assisted-
entanglement (eLOCC) actually enlarges the previous
Hilbert space and is a generalized version of LOCC.
The eLOCC conversion can be determined by the
Re´nyi entropy [28], which is defined as
Sα(ρA) =
1
1− α logTrρ
α
A. (2)
In particular, when α → 1, it tends to the von Neu-
mann entropy. Re´nyi entropy was extensively studied in
spin chain systems [29]. States |Ψ〉AB can be converted
to |Ψ′〉AB by eLOCC iff their Re´nyi entropies satisfy
Sα(ρA) ≥ Sα(ρ′A) for all α [30]. So in the graph of Re´nyi
entropy versus α, if the Re´nyi entropies of states |Ψ〉AB
and |Ψ′〉AB intercept, these two states are incomparable,
see Fig.1 (right). On the other hand, if there is no inter-
ception, the state with larger entanglement can be locally
converted to the other state, see Fig.1 (left). Therefore,
the Re´nyi entropies are a minimal and complete set of en-
tanglement monotones for eLOCC. In the following, we
focus on the local convertibility within eLOCC.
Now we consider the Re´nyi entropy in quantum crit-
ical systems. The wave functions of ground states from
different quantum phases are drastically distinct. When
quantum phase transition occurs, the properties of the
ground state must change abruptly [31]. We argue that
as part of this general feature of quantum phase tran-
sition, the interception of ground state Re´nyi entropies
as well as the local conversion property of the ground
state will change at the critical point, and the different
quantum phases boundaries can be determined by the
Re´nyi entropy. By carefully analyzing the behavior of
Re´nyi entropy, we find two possible cases: (i) Please see
Table I (left). In phases I, the Re´nyi entropies of any
two different ground states intercept, while in phases II,
any two different ground states do not intercept. And
the Re´nyi entropies of two states from different phases
will intercept. That means for any two states in phase II
3Sα
0 α
Sα
0 α
ρ Sα(  ) ρ Sα(  )
ρ Sα(  )
ρ Sα Ψ ’(  )
Ψ ’
Ψ
Ψ
FIG. 1: (Color online).Re´nyi entropies of two bipartite states
|Ψ〉 and |Ψ′〉 may have two types of behavior: they intercept
or not. For interception case (right), the two states cannot
be locally converted to each other. For non-interception case
(left), |Ψ〉 can be locally converted to |Ψ′〉.
TABLE I: Interceptions of the ground states Re´nyi entropies,
where × means Re´nyi entropies are intercepted and N means
the non-interception. The left table is for case (i) where the
phase boundary can be obtained along the diagonal elements.
The right table corresponds to the case (ii) where the phase
boundary can be obtained with the help of the anti-diagonal
elements.
phase I phase II
phase I × ×
phase II × N
phase I phase II
phase I N ×
phase II × N
the one with larger entanglement can be converted to the
other one via eLOCC, while in phase I any ground state
cannot convert to other states via eLOCC, as a result
global operation is necessary in phase I. The correspond-
ing examples for this type are the transverse field Ising
model and XY model. (ii) Please see Table I (right). The
ground states Re´nyi entropies do not intercept with oth-
ers in the same phase, but they intercept in the different
phases. That means the ground state can be converted
through eLOCC within the same phase. However, the
ground state cannot be converted locally into the differ-
ent phases. The corresponding example is XXZ model.
These two scenarios can be used to detect quantum phase
transitions.
III. ELOCC IN QUANTUM CRITICAL
SYSTEMS
In this section we use the above method to study some
typical quantum critical systems. For a Hamiltonian
H(λ) with a critical point λc, we change the parame-
ter λ gradually from phase I to phase II. For each given
λ, we calculate and plot the ground state Sα with respect
to α. We expect to see the two cases described in Table
I emergence.
We first consider the one dimensional spin 1/2 XY
h0 2
1
phase1A
phase 1B
phase 2
γ
FIG. 2: (Color online). Phase diagram of the XY model.
The phase transition from phase 1A or phase 1B to phase 2
referred to as the Ising transition is driven by the transverse
magnetic field h, and the phase boundary h = 2 is a critical
line. Phase 1 has two distinct regions A and B. The boundary
γ2 + (h/2)2 = 1 is not a critical line. But the properties of
this two regions are different. We consider the red dash line
γ =
√
3/2 in the phase diagram. Thus, it intercepts with the
two boundaries at h = 1 and h = 2, respectively.
chain with the Hamiltonian
H = −
N∑
i=1
[(1 + γ)σxi σ
x
i+1 + (1− γ)σyi σyi+1 + hσzi ], (3)
where σx,y,zi stand for the Pauli matrices. γ is coupling
parameter and h is field parameter. We can focus on the
positive valued γ and h space because of the symmetry
of the Hamiltonian. This model and its generalizations
have been studied extensively [32]. Fig. 2 shows the
phase diagram of this model. This two dimensional phase
diagram is a little bit complicated. In order to make a
clearer description of the eLOCC proposal, we first em-
ploy the transverse field Ising model, which is a special
case of the XY model to show how this method works.
We can obtain the transverse field Ising model from the
XY Hamiltonian by setting γ = 1, h = 2g and removing
the unimportant global factor 2 for each components as
HI = −
N∑
i=1
(σxi σ
x
i+1 + gσ
z
i ). (4)
A second order quantum phase transition takes place at
g = 1. When g 6= 1, there is a energy gap between the
ground state and the first excited state, and this gap
vanishes when g = 1 [31].
We calculate the Re´nyi entropies of the ground states
with the parameter g varying from 0.5 to 1.5 and plot
them in Fig. 3. Here the system size N = 10 and period-
ical boundary condition is assumed, i.e., σx,yN+1 = σ
x,y
1 .
To calculate the Re´nyi entropy we need to know the
ground state, which is obtained by diagonalizing the
whole Hamiltonian using Matlab. Although the system
size which can be calculated is relatively small, the ad-
vantage of directly diagonalizing the whole Hamiltonian
is the high accuracy. Other numerical methods, such as
Lanczos algorithm, DMRG and so on are worth gener-
alizing in this proposal, but as we are conceiving a new
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FIG. 3: (Color online). Re´nyi entropy for the ground state of
the transverse field Ising model versus the parameter α. The
total site number N is taken to be 10, and the spins are cut
into two blocks with 5 sites respectively. Periodical boundary
condition is assumed. The blue lines are for the ground states
with g = 0.5, 0.6, 0.7, 0.8, 0.9, and the black lines are for the
ground states with g = 1.1, 1.2, 1.3, 1.4, 1.5,respectively. The
red line is g = 1.
proposal to investigate the quantum critical point rather
than developing a different numeric technique within the
framework of those already known proposals, we focus on
the basic diagonalization method, and the application of
other numeric methods are not within the scope of the
present paper.
The results have shown that these states can be clas-
sified into three distinct groups: In group I (blue line)
g < 1 ; In group II (red line) g is at transition point and
in group III (black line) g > 1 . Group I and III are two
phases and group II is the phase transition region, which
is the boundary of I and III. Fig. 3 clearly shows that in
group I Re´nyi entropies for different ground states inter-
cept with each other. While in group III the Re´nyi en-
tropy of different states never intercepts with each other.
Apart from that the Re´nyi entropy from different phases
will intercept.
These results mean that although in region I and III
the model are both gapped their ground states convert-
ibility by eLOCC are quite different: In the ferromag-
netic phase where g < 1, the ground states cannot con-
vert to each other because their Re´nyi entropy intercepts;
while in the paramagnetic phase where g > 1, the ground
states can convert by eLOCC because their Re´nyi en-
tropies never intercept. In addition, states from differ-
ent regions cannot convert to each other by eLOCC. We
can conclude from here that the phase transition has its
global signature, and the long range correlations which
influence the eLOCC convertibility must play a funda-
mental role.
Due to the resolving limit of human eyes, we can illus-
trate the results better by directly comparing the Re´nyi
entropy data in a table instead of the Sα versus α fig-
TABLE II: Interception table of transverse field Ising model
near the critical point. For clearance, we cut the table into
separate parts, g ≤ 0.98, g ≥ 1 and 0.98 ≤ g ≤ 1.
g 0.94 0.95 0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04
0.94 N 0.6 0.5 0.5 0.5 0.4 0.4 0.3 0.3 0.2 N
0.95 0.6 N 0.5 0.5 0.4 0.4 0.3 0.3 0.2 N N
0.96 0.5 0.5 N 0.4 0.4 0.3 0.3 0.2 N N N
0.97 0.5 0.5 0.4 N 0.3 0.3 0.2 N N N N
0.98 0.5 0.4 0.4 0.3 N 0.2 N N N N N
0.99 0.4 0.4 0.3 0.3 0.2 N N N N N N
1.00 0.4 0.3 0.3 0.2 N N N N N N N
1.01 0.3 0.3 0.2 N N N N N N N N
1.02 0.3 0.2 N N N N N N N N N
1.03 0.2 N N N N N N N N N N
1.04 N N N N N N N N N N N
c c
cc
FIG. 4: (Color online).The finite size scaling analysis of Ising
model. In the thermodynamic limit, the critical point la-
beled as gc obtained by our method tends to 0.9940 with
the accuracy of 0.0001. The data can be fitted as gc =
−9.149e−N/1.2522 + 0.9940.
ure, please see table II. It shows whether any two ground
states intercept or not. For example in the second row of
Table II, we find that the ground state of g = 0.94 inter-
cepts with those of g = 0.95, 0.96,..., at α = 0.6, 0.5,....
For the sack of space limit and clarity, we only present
the segment of g taking from 0.94 to1.04. Notice that
the diagonal elements are always ’N’, which means there
is no interception between the corresponding two states,
because they stand for two same states must completely
overlap but not intercept. By Table II, we find the phase
transition lies in 0.98 ≤ g ≤ 1.00. We can go on in-
vestigating this phase transition more accurately by the
same method and we list the result here: when the ac-
curacy (g step) is 0.001 the critical region obtained by
this method is 0.987 ≤ g ≤ 0.989, and the critical re-
gion is 0.9883 ≤ g ≤ 0.9885 with the accuracy of 0.0001.
We can see from the results that the interval becomes
smaller as the varying step of the parameter g becomes
more accurate. Moreover, the critical value we obtain
is not exactly 1 because we only calculate a finite chain
with 10 spins. To get rid of the finite size effect, we
give the scaling analysis in Fig.4. When N → ∞, the
phase transition point obtained by this proposal tends to
0.9940. This Ising model corresponds to the first case of
the proposal described in the previous section, and Table
II corresponds to the left type of Table I.
So far we have shown the role of Re´nyi entropy in
5detecting the critical point by investigating the eLOCC
convertibility between different ground states. Then we
find the eLOCC convertibility between the ground state
and the first excited state also gives good discrimination
of different phases. In the ferromagnetic phase where
g < 1, the Re´nyi entropy of the ground state and the
corresponding first excited state intercepts, while in the
paramagnetic phase where g > 1, the two Re´nyi entropies
have no interception. We show this in Fig. 5. Moreover
the difference of the Re´nyi entropy in the large α limit
between the excited state and the ground state becomes
larger with the increasing of the energy gap in the para-
magnetic phase.
0 1 2 3 40.9
1
1.1
1.2
1.3
α
s α
ground state
the first excited state
g=0.8
0 5 100
1
2
3
α
s α
g=2
ground state
the first excited state
FIG. 5: (Color online). Re´nyi entropies of ground state and
the first excited state. The dash lines are for the ground
states, and the solid lines are the first excited states.
TABLE III: Interception table of the XY model near the first
boundary h = 1.
h 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
0.5 N N N N N N N N 0.3 1.5 1.4
0.6 N N N N N N N N 0.2 1.5 1.5
0.7 N N N N N N N 0.5 1.6 1.6 1.5
0.8 N N N N N N N 1.6 1.8 1.6 1.5
0.9 N N N N N N 1.4 2 1.9 1.7 1.5
1 N N N N N N 2.2 2.2 1.9 1.7 1.5
1.1 N N N N 1.4 2.2 N 2.2 1.9 1.7 1.5
1.2 N N 0.5 1.6 2 2.2 2.2 N 1.8 1.7 1.5
1.3 0.3 0.2 1.6 1.8 1.9 1.9 1.9 1.8 N 1.6 1.5
1.4 1.5 1.5 1.6 1.6 1.7 1.7 1.7 1.7 1.6 N 1.4
1.5 1.4 1.5 1.5 1.5 1.5 1.5 1.5 1.5 1.5 1.4 N
TABLE IV: Interception table of the XY model near the crit-
ical point h = 2.
h 1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4 2.5 2.6
1.6 N 1.1 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 N
1.7 1.1 N 0.9 0.8 0.7 0.6 0.4 0.2 N N N
1.8 1 0.9 N 0.7 0.6 0.4 0.3 N N N N
1.9 0.9 0.8 0.7 N 0.4 0.2 N N N N N
2 0.8 0.7 0.6 0.4 N N N N N N N
2.1 0.7 0.6 0.4 0.2 N N N N N N N
2.2 0.6 0.4 0.3 N N N N N N N N
2.3 0.5 0.2 N N N N N N N N N
2.4 0.4 N N N N N N N N N N
2.5 0.3 N N N N N N N N N N
2.6 N N N N N N N N N N N
In order to study the general case of XY model we set
γ =
√
3/2 and varying h from 0 to 3, see the red dash
line in Fig.2. We can use the eLOCC proposal to deter-
mine the critical point at h = 2 as well as the boundary
at h = 1. Here we just list the results: considering the
eLOCC convertibility between ground states, there is no
interception in region 1B, but every two ground states in
region 1A intercept, and then in phase2 there is no inter-
ception again, please see table III and IV. The boundary
at h = 1 and the critical point at h = 2 also correspond
to the first case introduced in the previous section. Table
III and IV are corresponding to the left type in Table I.
There are interceptions between region 1B and phase2.
For the case of total lattice number N = 10, we detect
the first boundary lies in the range 0.999 ≤ h ≤ 1.000 and
the critical point is 2.010 ≤ h ≤ 2.012 with the accuracy
of 0.001.
Next, we study one dimensional XXZ model with the
Hamiltonian
HXXZ =
∑
i
σxi σ
x
i+1 + σ
y
i σ
y
i+1 +∆σ
z
i σ
z
i+1, (5)
where ∆ is the anisotropic parameter. There are two
phase transition points: ∆ = −1 corresponds to a first
order phase transition, and ∆ = 1 is a continuous phase
transition of infinite order [33]. In particular, the phase
transition at ∆ = 1 is a Kosterlitz-Thouless like tran-
sition, which can be described by the correlation length
divergency but without long range order [34]. We focus
on identifying the critical point ∆ = 1 by the eLOCC
proposal. Here we use the same method as we did in the
Ising model and XY model to get the ground state Re´nyi
entropy, i.e., diagonalizing the whole Hamiltonian to ob-
tain all the eigenstates, then we select the ground state
to calculate the eigenvalues of reduced density matrix to
obtain the Re´nyi entropy.
Table V shows the interceptions near ∆ = 1. We can
see that each state in either region ∆ ≥ 1.0 or ∆ ≤
1.0 never intercepts with any of the states in the same
region, but intercepts with at least one state from the
other region. Therefore this model corresponds to the
second case of the proposal introduced in the previous
section. Thus, the critical region can be determined as
0.9 ≤ ∆ ≤ 1.1. By narrowing the varying step of ∆, this
critical point can be detected more accurately. Therefore,
the eLOCC proposal also works well for this infinite order
phase transition in XXZ spin chain.
We can find that result of XXZ model resembles the
right pattern of Table I, i.e., the ground states do not
intercept with the states form the same phase, but inter-
cepts the states from the other phase.
IV. CONCLUSIONS
In this paper, we analyzed the Re´nyi entropy and the
eLOCC convertibility in quantum critical systems. We
developed a new proposal to describe the eLOCC conver-
sion properties in quantum critical systems by examining
the Re´nyi entropy interception, which shows the disabil-
ity of eLOCC conversion. We applied this proposal to
the study of several typical quantum critical systems,
e.g. one dimensional transverse field Ising model, XY
6TABLE V: Interception table of XXZ model. For clearance,
we cut the table into separate parts, ∆ ≤ 0.9, ∆ ≥ 1.1 and
0.9 ≤ ∆ ≤ 1.1. It is a 10 sites chain with comb like partition,
i.e., the odd numbered sites belong to part A.
∆ 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6
0.4 N N N N N N N N N N N 5.4 1.1
0.5 N N N N N N N N N N N 1 N
0.6 N N N N N N N N N N 1 N N
0.7 N N N N N N N N N 0.9 N N N
0.8 N N N N N N N N 0.9 N N N N
0.9 N N N N N N N 0.9 N N N N N
1.0 N N N N N N N N N N N N N
1.1 N N N N N 0.9 N N N N N N N
1.2 N N N N 0.9 N N N N N N N N
1.3 N N N 0.9 N N N N N N N N N
1.4 N N 1 N N N N N N N N N N
1.5 5.4 1 N N N N N N N N N N N
1.6 1.1 N N N N N N N N N N N N
model and XXZ model. The results showed that: the
eLOCC convertibility changes at critical points. For the
Ising phase transition, eLOCC convertibility in the para-
magnetic phase is stronger than that in the ferromagnetic
phase in two ways: (i) any two ground states in paramag-
netic phase can convert by eLOCC but those in ferromag-
netic phase cannot; (ii) each first excited state in para-
magnetic phase can be converted to their ground states
by eLOCC while states in ferromagnetic phase cannot.
For the XY model with two dimensional phase diagram,
the critical points can be determined via this method at
very high accuracy. The boundary between region 1A
and 1B can be detected as well. For the XXZ model
the infinite order phase transition at ∆ = 1 can also be
determined by this method while the pattern of the inter-
ception table is different from the second order quantum
phase transitions in Ising model and XY model.
In fact, as is shown in Table I, the Re´nyi entropy in-
ception table can be divided into four blocks. The two
anti-diagonal blocks represent the comparison between
ground states from two different phases, and it is not
surprising that the two blocks are crossings which means
that the ground states from the two phases are too dif-
ferent to convert by local operations. The two diago-
nal blocks represent the comparison between the ground
states from the same phase. We find two possible cases
in Table I, which are two extremes. Case (i) has the
most crossings in the table, while case (ii) has the least
crossings. As a matter of fact, The crossings in the table
reflect the degree of how hard it is to convert the different
ground states, which can be served as a measure of the
difference between the two phases. It is quite interesting
to find that this observation is amazingly consistent with
the orders of the phase transitions in the two example
models. In case (i), i.e., the second order quantum phase
transition which is the lowest order that quantum crit-
ical phenomena can exist, we find the pattern with the
most crossings, while in case (ii), i.e., the infinite order
quantum phase transition, we find the pattern with the
least crossings.
The eLOCC proposal may help further understanding
the complicated phenomena of quantum critical systems.
This paper would initiate extensive studies of quantum
phase transitions from the brand new perspective of local
convertibility. This simple but effective method is worth
(a) generalizing to study finite temperature phase transi-
tions (b) generalizing based on the majorization scheme
[26] and (c) applying to other systems.
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